Amplitude and phase control of gain without inversion is investigated in a four level loop-structure atomic system. Two features are presented. One is that gain without inversion can be obtained through the amplitude control of the applied fields. The other is that gain without inversion show a phase-dependence on the relative phase between the fields applied on the two two-photon transitions. Gain and phase-dependence originate from interference induced by such a loop-transition structure.
system can be written as
where h.c. symbols the hermit conjugate of the front terms. The detunings ∆ j (j = p, c, 1, 2) are defined as the frequency differences between the applied fields and the corresponding transitions. For specific, ∆ p = ω 21 − ω p , ∆ c = ω 32 − ω c , ∆ 1 = ω 32 ′ − ω 1 , and ∆ c = ω 2 ′ 1 − ω 2 . In order to fulfill the rotating transformation the four detunings should satisfy ∆ p + ∆ c = ∆ 1 + ∆ 2 , i.e., the two two-photon transitions have the same sum detuning. When Operators σ ij are population operators when i = j (j = 1, 2, 2 ′ , 3), and σ ij are flip operators when i = j (i, j = 1, 2, 2 ′ , 3). And Ω j (j = p, c, 1, 2) are Rabi frequencies of the coherent driving fields and generally they are assumed to be complex values. The dynamic behavior of the system can be described by the master equation of the density matrix ρ as [23] 
where the term Lρ describes the contribution of the atomic decay terms, and it has the form
The elements of the density matrix can be obtained directly from the master equation. It is known that for loop- transition, the relative of the fields plays important role in the result. The complex Rabi frequencies are defined as
where Ω 0 j (j = p, c, 1, 2) are strength of the Rabi frequencies.. In order to see the relative phase, we make the transformation as ρ 32 = σ 32 e iφc , ρ 32
. After the transformation the motion of the elements are as following
where we have used the closed relation of the population 1 = ρ 11 + ρ 22 + ρ 2
′ + ρ 33 , and ρ jk = ρ * kj , k = j to obtain other elements with unlisted equations. We also defined γ 2
and the related effective decay rates are Γ
is the relative phase of the applied fields. From the definition above the phase φ can also be understood as the relative phase between the two two-photon transitions |1 ↔ |2 ↔ |3 and |1 ↔ |2 ′ ↔ |3 . As will shown below the relative phase plays a crucial role in the gain spectra.
Steady state solution of the master equation can be obtained by settingσ ij = 0. Absorption behavior of the weak probe field Ω p is described by Im(σ 21 ). When Im(σ 21 )< 0, it symbols gain behavior. In our calculation we set γ j = γ = 1 (j = p, c, 1, 2), and scale all the Ω 0 j and detunings ∆ j (j = p, c, 1, 2) in units of γ. We choose the probe field to be weak and real. The main results are shown in Fig. 2 .
Phase-dependent gain and corresponding population difference σ 22 − σ 11 vesus probe detuning ∆ p is shown in Fig.  2 . Im(σ 21 ) vesus probe detuning ∆ p for φ = 0 (solid line) and φ = π (dotted line) is plotted in Fig. 2(a) . Other parameters are chosen as Ω Fig. 2(b) . Seen from Fig. 2(a) , it is clear that when the relative phase φ changes from 0 to π, the probe field experiences different gain shapes. Gain and absorption zones exchange. The most remarkable change lies in the fact that the gain zones has increased from a single zone near resonant point ∆ p = 0 to two separate frequency zones localling around ∆ p = ±15.9. This means that the number of gain zones are controlled by the relative phase of the applied fields. And seen fro Fig. 2(b) , population difference σ 22 − σ 11 < 0 always holds, which suggests that population inversion is impossible during the interaction. So the gain behavior does not come from population inversion between levels |2 and |1 . Fig. 3(a) shows the case with small driving of one two-photon transition, i.e., Ω 0 1 = Ω 0 2 = 0.1 for φ = 0 (solid lines) and φ = π (dotted lines) , and the other parameters are the same as those in Fig. 2(a) . Two feathers are presented. One is that the probe absorption domains with two remarkable absorption peaks. The other is that when the phase changes from 0 to π, the probe gain around the resonant point goes into the probe absorption while the dominated absorption keeps unchanged. In order to see the effects of the two two-photon transitions, we plot the probe absorption for the case of one two-photon transition |1 ↔ |2 ↔ |3 with the same parameters. The inner graph in Fig. 3(a) is the absorption spectrum vesus ∆ p for three-level cascade driving without the transitions coupled by the fields Ω 1 and Ω 2 . The results show that electromagnetically induced transparency can be obtained and no phase dependence and no gain are found for single two-photon transition. Thus it is the two two-photon transitions is the origin of the probe gain and the phase dependence. In Fig. 3(b) the probe absorption Im(σ 21 ) vesus Ω 0 2 , the amplitude of Ω 2 is also plotted for φ = 0, ∆ p = 0 (solid line) and φ = π, ∆ p = 15.9 (dotted line). The other parameters are the same as those in Fig. 2(a) . It is easy Fig. 3(a) is the absorption spectrum vesus ∆p for three-level cascade driving without the transitions coupled by the fields Ω1 and Ω2. (b) Probe gain versus Ω 0 2 for φ = 0, ∆p = 0 (solid line) and φ = π, ∆p = 15.9 (dotted line). The other parameters are the same as those in Fig. 2(a) . to see that the parameters we choose in Fig. 2(a) are optimal for gain behavior. When we exchange the probe field Ω p and the driving field Ω c with coupling scheme shown in Fig. 1(b) , gain without inversion can also be obtained. We call this case up-level probing. The results are presented in Fig. 4 and Fig. 5 with similar parameters as those in Fig. 2 and Fig. 3 . It is clear that gain without inversion also exhibits in such a system and the phase dependence of the gain on relative phase φ is presented as well. There are two differences between the low level probing and the up level probing case. One is that the number of gain zone is different with the same phase. For specific, when φ = 0, the low-level coupling has single gain without inversion zone at ∆ p = 0 while the up-level coupling has two gain without inversion zones at ∆ p = ±20.2; when φ = π, the low-level coupling has two gain without inversion zones at ∆ p = ±15.9 while the up-level coupling has only one gain without inversion zones at ∆ p = 0. The other feature is that no gain is presented when the two-photon transition |1 ↔ |2 ′ ↔ |3 is small when the phase changes from 0 to π and the phase just makes the shift of the absorption a little. In a word the absorption spectra act like the probe absorption for the case of one two-photon transition |1 ↔ |2 ↔ |3 with the same parameters except the phase influence. In Fig. 5(b) the dependence of probe gain on Ω 0 2 is also presented. From this, one can see that the optimal parameters are used in Fig. 4(a) .
To under stand the above results, we can simply use the steady state expression of two terms as following Fig. 4(a) .
inversion and the two two-photon transitions |1 ↔ |2(2 ′ ) ↔ |3 loop structure induces the phase dependence of the gain behavior.
In conclusion, gain without inversion in a four level loop-transition atomic system has been investigated. The main results are two features: (i) Gain without inversion is exhibited by varing the amplitude of coupled fields. (ii) Gain without inversion displays a phase dependence on the relative phase between the fields applied on the two two-photon transitions. As the phase changes from 0 to π, gain and absorption zones exchange. Population inversionless holds for all the case. Gain without inversion and phase-dependence are attributed to interference induced by such a loop-transition structure.
